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1 Introduction
We denote by PG(3, q2) the 3-dimensional projective space over the field GF(q2),
q even. We denote by H(3, q2) a Hermitian surface in PG(3, q2) determined by
a non-degenerate Hermitian form. A blocking set of H(3, q2) is a set of points
of H(3, q2) that meets every line of PG(3, q2) contained in H(3, q2) (i.e., each
generator); a blocking set is minimal if the removal of any point leads to a
non-blocking set (thus each point is essential). We construct a family of small
minimal blocking sets that are non-linear in the sense that they do not lie in
a subspace of PG(3, q2). Our examples arise from the action of the stabilizer
in PGU4(q2) of a self–polar simplex in PG(3, q2), q even, with respect to a
Hermitian surface. They have size (q+1)3 and interestingly they can be obtained
by gluing together q+1 geometric configurations known as Ceva configurations.
It seems that blocking sets of Hermitian surfaces are rare. The following
examples of minimal blocking sets of H(3, q2) are known.
(a) Any ovoid of H(3, q2).
(b) The set of points of H(3, q2) in a tangent plane at an arbitrary point p of
H(3, q2), with the point p deleted, is a linear blocking set B of H(3, q2) of
size q3 + q2 ([4]).
(c) Let U be a Hermitian curve embedded inH(3, q2) as a non–singular section
with a plane pi. Let p ∈ U and consider the q2 non-tangent lines through
p lying on pi. Such lines, let us call them L1, . . . , Lq2 , are all secant to
H(3, q2). Consider r different lines Li, 1 ≤ r ≤ q2 and let Hi = Li ∩
H(3, q2). The set B := (U \ (⋃ri=1Hi))⋃ri=1H⊥i is a minimal blocking set
of H(3, q2) of size q3 + r ([2]).
(d) An infinite family of blocking sets of H(3, q2), q odd, of size q3 + q2 ad-
mitting PSL2(q) as an automorphism group [3].
No other instances of small minimal blocking sets in H(3, q2) are known
apart from some computational examples in [2].
2 The construction
LetH(3, q2) be the hermitian surface of PG(3, q2), q even, with equation Xq+11 +
Xq+12 + X
q+1
3 + X
q+1
4 = 0, where Xi, i = 1, . . . , 4 are projective homogeneous
coordinates in PG(3, q2). Let ∆ be the 4–simplex of PG(3, q2) with vertices
Ei = (0, . . . , 1, . . . , 0). Then ∆ is a self–polar simplex with respect to H(3, q2).
Let Ω be the set of points {(1, x2, x3, x4) : xi ∈ GF (q2), xq+12 = xq+13 = xq+14 =
1} of H(3, q2). If we let G = PGU4(q2), then G∆, the stabilizer of ∆ in G, is a
group of order 4!(q + 1)3. The set Ω is an orbit of G∆ of length (q + 1)3, and
it is the union of q + 1 subsets denoted by Ω(1), Ω(a), . . . , Ω(aq), where a is
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an element of order q + 1 in the multiplicative group GF (q2)∗, and defined as
follows. For a point (1, x2, x3, x4) ∈ Ω, define:
Ω(ai) = {(1, x2, x3, x4) ∈ Ω : x2x3x4 = ai}.
Each set Ω(ai) has size (q + 1)2.
Theorem 2.1. If q > 2, the set Ω is a minimal blocking set of H(3, q2) of size
(q + 1)3.
Proof. Let P = (1, 1, 1, 1) ∈ Ω(1). Then pi = P⊥ is the plane with equation
X1 + X2 + X3 + X4 = 0 and the intersection Y = Ω ∩ pi consists of points
(1, b, c, d) with bq+1 = cq+1 = dq+1 = 1 and 1 + b+ c+ d = 0 = 1 + bq + cq + dq.
We observe that 1 + b = c + d and 1 + bq = cq + dq, and multiplying through
the latter by bcd we arrive at cd(b+ 1) = b(d+ c) = b(b+ 1). Either b = 1 (and
then c = d) or b = cd. Arguing in a similar way from 1 + c = b + d we find
that either c = 1 (and b = d) or c = bd. If b, c 6= 1, then b = cd and c = bd
imply that d2 = 1, i.e., d = 1 (and b = c). It now follows that all the points
of Y lie on one of the lines r1 : X1 = X2, X3 = X4; r2 : X1 = X3, X2 = X4;
r3 : X1 = X4, X2 = X3 and so Y has 3q+1 points. Hence the lines rj , j = 1, 2, 3,
are unisecant to Ω(ai), for each i. This implies that there are 3 generators on
P that are (q + 1)–secant to Ω and q − 2 that are just tangent to Ω. This also
implies that each set Ω(ai) is a partial ovoid of H(3, q2). Since G∆ is transitive
on Ω, there are 3(q + 1)2 generators of H(3, q2) that are (q + 1)–secant to Ω
and (q − 2)(q + 1)3 generators of H(3, q2) that are tangent to Ω. On the other
hand, 3(q + 1)2 + (q − 2)(q + 1)3 = (q + 1)(q3 + 1) which is the total number
of generators of H(3, q2). Therefore Ω is a set of type (1, q + 1) with respect to
generators of H(3, q2) and hence it is a minimal blocking set of size (q+1)3.
3 The Ceva configuration
We recall that a (vr, bk)–configuration consists of v ‘points’ and b ‘blocks’ to-
gether with an incidence relation such that each point is incident with r blocks
and each block is incident with k points; combinatorial designs are common
examples of such configurations. In this section we discuss another such config-
uration and its relationship to the blocking sets defined above.
Let K be a field of characteristic prime to n containing the group µn of n–th
roots of unity. Consider the following points in the projective plane PG(2,K):
Pα = (0, 1, α), Qα = (α, 0, 1), Rα = (1, α, 0), with α ∈ µn. Let Lα be the line
joining the point (1, 0, 0) with Pα, Mα the line joining the point (0, 1, 0) with Qα,
and Nα the line joining the point (0, 0, 1) with Rα. It is easy to check that the
lines Lα, Mβ , Nγ are concurrent, intersecting at the point Pα,β,γ = (1, γ, αγ),
if and only if αβγ = 1. Thus we obtain n2 points which together with the 3n
lines Lα, Mβ , Nγ form a (v3, bn)–configuration with v = n2, b = 3n. It is called
the Ceva configuration of order n [1], and will be denoted by Ceva(n). The
full linear automorphism group of Ceva(n) is the semi–direct product µ2n o S3.
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It is realised by the group of projective transformations of PG(2,K) generated
by permutations of coordinates and homologies (x0, x1, x2) 7→ (αx0, x1, x2),
(x0, x1, x2) 7→ (x0, βx1, x2), (x0, x1, x2) 7→ (x0, x1, γx2), where αq+1 = βq+1 =
γq+1 = 1. In addition there are semi-linear automorphisms: any semilinear
map of the form (x0, x1, x2) 7→ (xσ0 , xσ1 , xσ2 ) preserves Ceva(n), leading to a
collineation automorphism group (µ2n o S3)oAutK.
When K = GF (q2) with q even, we have n = q+ 1 and Ceva(q+ 1) consists
of the points of PG(2, q2) whose coordinates (x1, x2, x3) satisfy the equations:
Xq+11 = X
q+1
2 = X
q+1
3 .
From [5, p. 106] the point set of Ceva(q+1) is therefore a set of type (0, 1, 2, q+1)
with respect to lines of PG(2, q2). In the following result, we see that Ω is the
union of point sets of appropriately chosen Ceva configurations, each of which
may be realised as a union of Baer subconics of the associated planes. This
leads to a regular system of conics. The lines of the Ceva configurations give
rise to further configurations in PG(3, q2).
Theorem 3.1. If K = GF (q2) with q even, then the set Ω, together with
appropriate selections of lines and Baer subconics of PG(3, q2) form (vr, bk)–
configurations with the following parameters:
(a) v = (q + 1)3, b = 3(q + 1)2, r = 3, k = q + 1;
(b) v = (q + 1)3, b = 4(q + 1)2, r = 4, k = q + 1;
(c) v = (q + 1)3, b = 7(q + 1)2, r = 7, k = q + 1;
(d) v = (q + 1)3, b = 6(q + 1)2, r = 6, k = q + 1;
(e) v = (q + 1)3, b = 9(q + 1)2, r = 9, k = q + 1
(f) v = (q + 1)3, b = 10(q + 1)2, r = 10, k = q + 1
(g) v = (q + 1)3, b = 13(q + 1)2, r = 13, k = q + 1.
Proof. Consider the plane pi of PG(3, q2) with equationX1 = X2: it is tangent to
H(3, q2) at the point P = (1, 1, 0, 0). The points of Ω∩pi are the points (1, 1, c, d)
with cq+1 = dq+1 = 1. These are precisely the points of the configuration
Ceva(q + 1) with respect to the triangle T = {P, (0, 0, 1, 0), (0, 0, 0, 1)}. Under
the action of the homology subgroup G2 of G∆ generated by (X1, X2, X3, X4) 7→
(X1, aX2, X3, X4), the set Ω∩ pi is mapped to Ceva configurations with respect
to the triangles {(1, ai, 0, 0), (0, 0, 1, 0), (0, 0, 0, 1)}, and Ω is thereby seen as the
union of point sets of q + 1 Ceva systems.
The lines of this Ceva(q + 1) configuration are of two types. Lines of the
first type are the q+ 1 lines through P = (1, 1, 0, 0) and a point (0, 0, 1, γ) with
γq+1 = 1: each of these lines lies on H(3, q2). Lines of the second type are
the 2(q + 1) lines through (0, 0, 1, 0) and (1, 1, 0, γ) or through (0, 0, 0, 1) and
(1, 1, γ, 0) with γq+1 = 1: each of these lines is secant to H(3, q2). Taking the
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images of these lines under G∆ gives 3(q + 1)2 lines on H(3, q2) and 4(q + 1)2
secant lines to H(3, q2) each of which meets Ω in q + 1 points. Each point of Ω
lies on 3 lines of the first type and 4 lines of the second type. Note that the lines
of the first type are precisely the lines of H(3, q2) in tangent planes to points of
Ω that meet Ω in more than one point.
The points of Ω∩pi are partitioned into subsets Ω(ai)∩pi. Each such subset
consists of q + 1 points (1, 1, λ, λqai), these being GF (q)-linear combinations of
(1, 1, 0, 0), (0, 0, 1, ai), (0, 0, ξ, ξqai) where ξ is a generator of the multiplicative
group GF (q2)∗. With respect to this co-ordinate system for pi, the set Ω(ai)∩pi
is the conic Y 21 + Y
2
2 + ξ
q+1Y 23 + (ξ + ξ
q)Y2Y3, having nucleus P . Thus Ω∩ pi is
partitioned into q + 1 Baer subconics with nucleus P . Under the action of the
homology group G2, the set Ω is realised as the union of (q+1)2 Baer subconics
having nuclei on the line X3 = X4 = 0. Under G∆ the set of conics is extended
to one of size 6(q + 1)2 with each point of Ω lying on 6 conics.
The various ways of selecting lines and/or conics lead to the configurations
listed in the statement of the theorem.
Remark 3.2. The term vr–configuration refers to a (vr, vr)–configuration. If
q = 2, then Ceva(2 + 1) is a 93–configuration isomorphic to the Brianchon–
Pascal configuration and the points of Ω together with lines of the first type
form a 273–configuration.
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